
xf.kr esa ifj;kstuk (izkstsDV) dk;Z ,d fo|kFkhZ }kjk O;fDrxr :i ls
fd;k tk ldrk gS ;k la;qDr :i ls fo|kfFkZ;ksa osQ ,d lewg }kjk Hkh
fd;k tk ldrk gSA ;s ifj;kstuk,¡ jpukvksa osQ :i esa Hkh gks ldrh gSa]
tSls fd oozQ LoSQp djuk ;k vkys[kksa dk [khapuk] bR;kfnA ;g xf.kr osQ
bfrgkl ls fdlh fo"k; fo'ks"k ;k vo/kj.kkvksa ls lac¼ ,sfrgkfld
fodkl dh ppkZ iznku dj ldrh gSA xf.kr esa ifj;kstukvksa osQ fy,]
fo|kfFkZ;ksa dks Lo;a viuh #fp osQ fo"k; pquus dk fodYi nsaA f'k{kd]
bl izfozQ;k esa] fofHkUu fo"k;ksa esa #fp tkx`r djrs gq,] ,d lgk;d dh
Hkwfedk vnk djsaA tc fo"k; pqu fy;k tk,] rks fo|kFkhZ dks pkfg, fd
og bl fo"k; osQ ckjs esa bruk i<+us dk iz;Ru djas ftruk miyC/ gks
rFkk fiQj var esa ifj;kstuk rS;kj djsaA

ifj;kstuk



izFke 'krkCnh (AD) ls igys] Hkkjr esa xf.kr dk cgqr fodkl gqvk] ijarq orZeku Lo:i
esa muosQ ;ksxnkuksa dk ukekuqlkj fooj.k Kkr ugha gSA izkphu dky ls Hkkjrh; xf.krKksa esa ls
,d xf.krK ftlosQ ckjs esa oqQN fuf'pr lwpuk miyC/ gS] og gS vk;ZHkV rFkk mldh
o`Qfr dk uke vk;ZHkfV;k gSA

tUe dk le; vkSj LFkku

vk;ZHkV us viuh o`Qfr vk;ZHkfV;k esa dgk gS fd tc mlus vk;ZHkfV;k fy[kh rc og 23
o"kZ dk FkkA ml le; rd dfy;qx osQ 3600 o"kZ chr pqosQ FksA blls ;g irk pyrk gS
fd mlus ik¡Mqfyfi 499 AD esa fy[kh Fkh rFkk mlosQ tUe dk o"kZ 476 AD FkkA

vk;ZHkV us ikaMqfyfi esa ;g Hkh dgk gS fd mlus bl o`Qfr esa og Kku fn;k gS tks mlus
oqQlqeiqj (ikfVyiq=k) esa vè;;u djrs le; vftZr fd;k FkkA blls ,slk izrhr gksrk gS fd
mldk tUe ikfVyiq=k esa gqvk Fkk] ijarq vf/dka'k O;fDr;ksa osQ erkuqlkj mldk tUe nf{k.k
Hkkjr (v'ked ftyk] tks xksnkojh unh osQ fdukjs ij clk gS)] esa gqvk FkkA fo'o osQ izfl¼
xf.kr bfrgkldkj egkjk"Vª osQ MkW- Hkkm&nkth us vk;ZHkfV;k dh ikaMqfyfi dk nf{k.k Hkkjr
ls 1864 esa irk yxk;k rFkk mldh fo"k;&lkexzh dks izdkf'kr fd;kA

vk;ZHkfV;k laLo`Qr esa fy[kh gS rFkk pkj eq[; Hkkxksa esa caVh gqbZ gS tks ^ikn* dgykrs gSaA bl
ikaMqfyfi esa oqQy 121 'yksd gSaA blosQ pkj ikn fuEu gSa%
1. n'kxhfrdk ikn

2. xf.kr ikn

3. dkyfozQ;kikn

4. xksykè;k;

;ksxnku

1. vk;ZHkV us laLo`Qr dh o.kZekyk osQ v{kjksa dk iz;ksx djrs gq, la[;kvksa dks fu:fir
djus dh ,d ubZ fof/ dh jpuk dhA

ifj;kstuk 1 vk;ZHkV~V & xf.krK rFkk [kxksy'kkL=kh

181xf.kr
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blosQ vuqlkj] mlus 25 o.kZ v{kjksa (O;atuksa) dks fuEufyf[kr la[;kRed eku fn,&

d % 1] [k % 2] x % 3] ?k % 4] M- % 5] p % 6] N % 7] t % 8] > % 9]
×k % 10] V % 11] B % 12] M % 13] < % 14] .k % 15] r % 16] Fk % 17]
n % 18] / % 19] u % 20] i % 21] iQ % 22] c % 23] Hk % 24] e % 25]
; % 30] j % 40] y % 50] o % 60] 'k % 70] "k % 80] l % 90] g % 100

Lojksa dks mlus fuEufyf[kr eku fn, %

v%1] bZ%100] Å%10000] ½%1000000] y`%100000000] ,%10000000000]
,s%1000000000000] vks%100000000000000] vkS%10000000000000000

mnkgj.k osQ rkSj ij] vk;ZHkV dgrk gS fd egk;qx esa i`Foh lw;Z osQ pkjksa vksj 4320000
pDdj yxkrh gSA mijksDr la[;kRed i¼fr osQ vuqlkj] vk;ZHkV us bls [kq;q?k` osQ :i
esa fy[kdj bls O;Dr fd;k gS%

[kq% 2 × 10000 = 20000

;q% 30 × 10000 = 300000

?k`% 4 × 1000000 = 4000000

[kq;q?k` = 4320000

2. vk;ZHkV us vadxf.kr] T;kfefr vkSj chtxf.kr osQ egRoiw.kZ fl¼karksa dk xf.kr ikn esa
osQoy 33 'yksdksa esa laf{kIr :i ls o.kZu fd;k gSA bu 'yksdksa esa mUgksaus fuEufyf[kr
dks Kkr djus osQ fy, lw=k fn, gSa&

• oxZ vkSj oxZewy

• ?ku vkSj ?kuewy

• oxks±] f=kHkqtksa vkSj o`Ùkksa osQ {ks=kiQy

• xksys dk vk;ru

mudk vfr egRoiw.kZ ;ksxnku π dk eku Fkk tks ,d o`Ùk dh ifjf/ vkSj O;kl dk
vuqikr gksrk gSA mUgksaus ;g eku n'keyo osQ pkj LFkkuksa rd 3-1416 osQ :i esa fn;kA
mUgksaus dgk fd ;g π dk ,d lfUudV eku gSA os igys ,sls Hkkjrh; xf.krK Fks
ftUgksaus ;g dFku fn;k fd ;g π dk lfUudV eku gh gSA
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3. vk;ZHkV us o`Ùk] f=kHkqt vkSj prqHkqZt [khapus dh fof/;k¡ nh gSa rFkk f}?kkr lehdj.kksa dks
gy djus dh fof/;k¡ Hkh nh gSaA

4. mUgksaus ikbFkkxksjl izes; dk dFku fn;k gS rFkk mldk mnkgj.kksa }kjk lR;kiu fd;k gSA

5. vk;ZHkV dk ,d vU; egRoiw.kZ ;ksxnku izR;sd 3°45' osQ varjky ij T;k (lkbu)
vkSj dksT;k (dkslkbu) iQyuksa dh lkj.kh cukuk gSA

6. vk;ZHkV us vius xksykè;k; esa] [kxksy'kkL=k vkSj T;ksfr"k'kkL=k osQ fo"k; esa Hkh fy[kk gSA
og ,sls izFke xf.krK Fks ftUgksaus ;g ?kks"k.kk dh fd i`Foh viuh /qjh osQ izfr ?kwerh
gS vkSj u{k=k fLFkj gSa] tks ikSjkf.kd dFkuksa osQ fo#¼ FkkA mUgksaus lw;Z vkSj panz xzg.kksa osQ
ckjs esa rFkk muosQ gksus osQ dkj.kksa dk Hkh o.kZu fd;k gSA
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i`"BHkwfe

gekjs nSfud thou esa ?kukHkkdkj oLrq,¡ cgqr mi;ksxh gSa rFkk izk;% gesa fofHkUu dkj.kksao'k
buosQ i`"Bh; {ks=kiQy vkSj vk;ru Kkr djus dh vko';drk iM+rh gSA dHkh&dHkh ,slk
izrhr gksrk gS fd ;fn fdlh ?kukHk osQ i`"Bh; {ks=kiQy esa o`f¼ gks rks mlosQ vk;ru esa Hkh
o`f¼ gks tk,xh rFkk ,slk gh blosQ foykse osQ fy, Hkh gks ldrk gSA izLrqr ifj;kstuk bl
dFku osQ ckjs esa lR;rk tkuus dh fn'kk esa ,d dne gSA

mís';

?kukHkksa osQ i`"Bh; {ks=kiQyksa vkSj vk;ruksa osQ O;ogkjksa esa ,d&nwljs osQ lkis{k ifjorZuksa dh
[kkst djukA

fooj.k

(A) leku (cjkcj) vk;ruksa osQ ?kukHk

vkb, cjkcj vk;ruksa okys oqQN ?kukHkksa ij fopkj djsa] ftudh foek,¡ fuEufyf[kr gSa&
(i) l = 12 cm, b = 6 cm vkSj h = 3 cm

(ii) l = 6 cm, b = 6 cm vkSj h = 6 cm

(iii) l = 9 cm, b = 6 cm vkSj h = 4 cm

(iv) l = 8 cm, b = 6 cm vkSj h = 4.5 cm

vc ge lw=k i`"Bh; {ks=kiQy = 2 (lb + bh + hl) dk iz;ksx djosQ mijksDr ?kukHkksa osQ
i`"Bh; {ks=kiQy ifjdfyr djrs gSaA

(i) osQ fy,] i`"Bh; {ks=kiQy = 2 (12 × 6 + 6 × 3 + 3 × 12) cm2 = 252 cm2

(ii) osQ fy,] i`"Bh; {ks=kiQy = 2 (6 × 6 + 6 × 6 + 6 × 6) cm2 = 216 cm2 →U;wure

(iii) osQ fy,] i`"Bh; {ks=kiQy = 2 (9 × 6 + 6 × 4 + 4 × 9) cm2 = 228 cm2

(iv) osQ fy,] i`"Bh; {ks=kiQy = 2 (8 × 6 + 6 × 4.5 + 4.5 × 8) cm2 = 222 cm2

ifj;kstuk 2 ?kukHkksa osQ i`"Bh; {ks=kiQy vkSj vk;ru
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ge ns[krs gSa fd izR;sd ?kukHk dk vk;ru
= 12 × 6 × 3 cm3 = 6 × 6 × 6 cm3

= 9 × 6 × 4 cm3 = 8 × 6 × 4.5 cm3 = 216 cm3 gS

ge ;g Hkh ns[krs gSa fd fLFkfr (ii) esa] ?kukHk dk i`"Bh; {ks=kiQy U;wure gS] tcfd ;g
?kukHk ,d ?ku gSA

(B) cjkcj i`"Bh; {ks=kiQy okys ?kukHk

vkb, vc oqQN cjkcj i`"Bh; {ks=kiQy okys ?kukHkksa ij fopkj dhft,] ftudh foek,¡
fuEufyf[kr gSa&
(v) l = 14 cm, b = 6 cm vkSj h = 5.4 cm

(vi) l = 10 cm, b = 10 cm vkSj h = 4.6 cm

(vii) l = 8 cm, b = 8 cm vkSj h = 8 cm

(viii) l = 16 cm, b = 6.4 cm vkSj h = 4 cm

vc ge lw=k vk;ru = l × b × h dk iz;ksx djrs gq,] mijksDr ?kukHkksa esa ls izR;sd dk
vk;ru ifjdfyr djrs gSaA

(v) osQ fy,] vk;ru = 14 × 6 × 5.4 cm3 = 453.6 cm3

(vi) osQ fy,] vk;ru = 10 × 10 × 4.6 cm3 = 460 cm3

(vii) osQ fy,] vk;ru = 8 × 8 × 8 cm3 = 512 cm3 → vfèkdre

(viii) osQ fy,] vk;ru = 16 × 6.4 × 4 cm3 = 409.6 cm3

ge ns[krs gSa fd bu ?kukHkksa esa ls izR;sd dk i`"Bh; {ks=kiQy
= 2 (14 × 6 + 6 × 5.4 + 5.4 × 14) cm2

= 2 (10 × 10 + 10 × 4.6 + 4.6 × 10) cm2

= 2 (8 × 8 +8 × 8 + 8 × 8) cm2

= 2 (16 × 6.4 + 6.4 × 4 + 4 × 16) cm2  = 384 cm2

ge ;g Hkh ns[krs gSa fd fLFkfr (vii) esa] ?kukHk dk vk;ru vf/dre gS] tcfd ;g ?kukHk
,d ?ku gSA
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fu"d"kZ

;g dFku fd ;fn fdlh ?kukHk osQ i`"Bh; {ks=kiQy esa o`f¼ gks rks mlosQ vk;ru esa Hkh o`f¼
gks tk,xh rFkk bldk foykse Hkh lR; ugha gSA oLrqr% gesa izkIr gS&
(i) cjkcj vk;ruksa okys lHkh ?kukHkksa esa] ?ku dk i`"Bh; {ks=kiQy U;wure gksrk gSA

(ii) cjkcj i`"Bh; {ks=kiQyksa okys lHkh ?kukHkksa esa] ?ku dk vk;ru vf/dre gksrk gSA

vuqiz;ksx

bl ifj;kstuk dk mi;ksx U;wure ykxr ij vf/dre /kfjrk okys iSosQtst rS;kj djus esa
gksrk gSA
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ifj;kstuk 3 xksYMu vk;r vkSj xksYMu vuqikr

i`"BHkwfe

^vk;r* vkSj ^vuqikr* ,slh nks vo/kj.kk,¡ gSa ftudk gekjs nSfud thou esa cgqr egRo gSA
blh dkj.k] budk fdlh u fdlh :i esa LowQyh xf.kr osQ izR;sd Lrj ij vè;;u fd;k
tkrk gSA ;g Hkh ,d rF; gS fd tc dHkh Hkh vk;rksa vkSj vuqikrksa dh ppkZ gksrh gS] yksx
^xksYMu vk;r* vkSj ^xksYMu vuqikr* osQ ckjs esa oqQN Lej.k djuk izkjaHk dj nsrs gSaA
mijksDr dks n`f"Vxr j[krs gq,] ;g vuqHko fd;k x;k fd bu nks okD;ka'kksa ^xksYMu vk;r*
vkSj ^xksYMu vuqikr* osQ ckjs esa oqQN tkudkjh izkIr dh tk,A

mís';

^xksYMu vk;r* vkSj ^xksYMu vuqikr* osQ vFkks± rFkk buosQ oqQN vU; xf.krh; vo/kj.kkvksa
osQ chp laca/ksa dh [kkst djukA

fooj.k

^xksYMu vk;r* vkSj ^xksYMu vuqikr* cgqr fudV ls lacaf/r vo/kj.kk,¡ gSaA bls le>us
osQ fy,] vkb, loZizFke ,d xksYMu vk;r dk vFkZ le>saA

(A)  xksYMu vk;r

dksbZ vk;r ,d xksYMu vk;r dgykrk gS] ;fn mls ,sls nks Hkkxksa esa foHkkftr fd;k tk losQ
fd buesa ls ,d Hkkx ,d oxZ gks rFkk nwljk Hkkx ,d vk;r gks tks izkjafHkd vk;r osQ
le:i gksA fuEufyf[kr vko`Qfr esa] vk;r ABCD dks ,d oxZ APQD vkSj ,d vk;r
QPBC esa foHkkftr fd;k x;k gSA

CQD

A P B
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;fn vk;r QPBC, vk;r ABCD osQ le:i gks] rks ge dg ldrs gSa fd ABCD ,d
xksYMu vk;r gSA eku yhft, fd AB = l vkSj BC = b gSA vr%] QP = b gSA

vc] D;ksafd ABCD ~ QPBC gS] blfy, gesa izkIr gS&

AB QP

BC PB
=

;k   
–

=
l b

b l b

;k    l2 – lb = b2

vFkkZr~,  l2 – lb – b2 = 0

;k   
2

– – 1
l l

b b

 
   = 0 (1)

eku yhft, fd =
l

x
b

 gSA

vr%] (1) ls gesa izkIr gksrk gS&

x2– x – 1 = 0

;k 
21 (–1) – 4 (1) (–1)

2 1

± ×
=

×
x   

1 5

2

±
=   (f}?kkr lehdj.k dks gy djus ij)

vc] D;ksafd x ½.kkRed ugha gks ldrk] blfy, 
5 1

2

+
=x   gSA

bl izdkj 
5 1

2

+
=

l

b
 gSA

vFkkZr~] fdlh vk;r dks xksYMu vk;r gksus osQ fy, ;g vko';d gS fd mldh yackbZ vkSj

pkSM+kbZ dk vuqikr 
  

  
  

l

b
  vo'; gh 

5 1

2

+
 gksuk pkfg,A 

⎛

⎝
⎜

⎞

⎠
⎟
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vuqikr 
5 1

2

+
  xksYMu vuqikr dgykrk gSA bldk eku yxHkx 1-618 gSA

bl izdkj] ;g ns[kk tk ldrk gS fd xksYMu vuqikr ,d xksYMu vk;r dh yackbZ vkSj
pkSM+kbZ] vFkkZr~ mldh Hkqtkvksa dk vuqikr gksrk gSA

(B)  xksYMu vuqikr rFkk ,d lrr fHkUu

vkb, ,d lrr fHkUu

1
1

1
1

1 ...

+

+
+

ij fopkj djsaaA

ge ns[krs gSa fd ;g ,d vifjfer lrr fHkUu gSA ge bls 
1

1= +x
x
 fy[k ldrs gSaA

vr%, x2 = x + 1

;k, x2 – x – 1 = 0

;g oSlh gh f}?kkr lehdj.k gS tSlh gesa igys izkIr gqbZ FkhA

vr%] gesa iqu% 
5 1

2

+
=x   izkIr gksrk gS (½.kkRed ewy dks NksM+rs gq,)

vr%] ;g dgk tk ldrk gS fd xksYMu vuqikr] lhekar :i esa] vifjfer lrr fHkUu

1
1

1
1

1 ...

+

+
+

osQ cjkcj gSA
(C)  xksYMu vuqikr] lrr fHkUu vkSj ,d vuqozQe

xksYMu vuqikr rFkk lrr fHkUu esa laca/ ns[kus osQ ckn]

1
1

1
1

1
1

1 ...

+

+

+
+
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vkb, bl fHkUu osQ fofHkUu Lrjksa ij ekuksa dh tk¡p djsa] tSlk fd uhps n'kkZ;k x;k gS&
1 dks ysus ij] gesa eku 1 izkIr gksrk gS_

1+ 
1

1
 dks ysus ij] gesa eku 

2

1
 izkIr gksrk gS_

1+ 

1

1
1

1
+  dks ysus ij] gesa eku 

3

2
 izkIr gksrk gS_

1
1

1
1

1
1

1

+

+

+
 dks ysus ij] gesa eku 

5

3
 izkIr gksrk gS_

1
1

1
1

1
1

1
1

1

+

+

+

+

 dks ysus ij] gesa 
8

5
 izkIr gksrk gS] bR;kfnA

bl izdkj] fofHkUu Lrjksa ij izkIr fd, x, eku gSa&

1, 
2 3 5 8 13

, , , , ,...
1 2 3 5 8

bu ekuksa osQ va'k 1, 2, 3, 5, 8, 13, ... gSaA

 ;s eku fuEufyf[kr iSVuZ iznf'kZr djrs gS%

3 = 1 + 2, 5 = 2 + 3, 13 = 5 + 8 bR;kfnA

è;ku nhft, fd ;fn bu ekuksa esa vkxs 1 lfEefyr dj fy;k tk,] rks budk :i
fuEufyf[kr gks tk,xk%
1, 1, 2, 3, 5, 8, 13, ...
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;g ,d izfl¼ vuqozQe gS tks fI+kQcksuk'kh vuqozQe dgykrk gSA

;g Kkr fd;k tk ldrk gS fd fI+kQcksuk'kh vuqozQe dk noka in 
1 5 1 – 5 1

–
2 25

  
    + +

  
    

      
  

n n

gksrk gSA

;g Hkh ns[kk tk ldrk gS fd mijksDr O;atd esa] 
5 1

2

  +

  
  

  xksYMu vuqikr gSA

(D)  xksYMu vuqikr vkSj f=kdks.kferh; vuqikr

;g Kkr fd;k tk ldrk gS fd

cos 36° = sin 54° = 
5 1

4

+

vFkkZr, 2 cos 36° = 2 sin 54° = 2 
5 1

4

  +

  
  

 = 
5 1

2

  +

  
  

= xksYMu vuqikr

bl izdkj] ;g dgk tk ldrk gS fd cos 36°  osQ eku dk nqxquk (;k sin 54° osQ eku
dk nqxquk) xksYMu vuqikr osQ cjkcj gksrk gSA

(E) xksYMu vuqikr vkSj le iapHkqt

ge tkurs gSa fd og iapHkqt ftldh lHkh Hkqtk,¡ vkSj lHkh dks.k cjkcj gksa] ,d le iapHkqt

dgykrk gSA Li"Vr%] ,d le iapHkqt dk izR;sd var%dks.k 
540

108
5

°
= °  gksxkA vkb, ,d

le iapHkqt ABCDE [khapas] vkSj mlosQ lHkh fod.kZ AC, AD, BD, BE  vkSj CE [khapsaA
tSlk uhps vko`Qfr esa n'kkZ;k x;k gS& A

B

C
D

E
P Q

R

S

T

    
⎛

⎝
⎜

⎞

⎠
⎟

    
⎛

⎝
⎜

⎞

⎠
⎟     

⎛

⎝
⎜

⎞

⎠
⎟

    
⎛

⎝
⎜

⎞

⎠
⎟     

⎛

⎝
⎜

⎞

⎠
⎟

                    
⎡

⎣
⎢

⎤

⎦
⎥
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;g ns[kk tk ldrk gS fd bl le iapHkqt osQ vanj ,d vU; iapHkqt PQRST cu x;k gSA

lkFk gh] ;g iapHkqt Hkh ,d le iapHkqt gSA

;g Hkh ns[kk tk ldrk gS fd 
AP

PQ
, 

AP

PT
, 

AQ

PQ
, 

DS

SR
, ...  esa ls lHkh 

5 1

2

+
 osQ cjkcj gSaA

vFkkZr~ fdlh fod.kZ osQ ,d vksj osQ ml Hkkx dh yackbZ] ftlls u, iapHkqt dh ,d
Hkqtk ugha curh gS vkSj u, iapHkqt dh ,d Hkqtk dh yackbZ dk vuqikr xksYMu
vuqikr osQ cjkcj gksrk gSA (1)

lkFk gh] ;g Hkh ns[kk tk ldrk gS fd 
AE

AP
, 

AB

BQ
, 

CD

DS
, 

BC

CS
,... esa ls lHkh 

5 1

2

+

osQ cjkcj gSaA

vFkkZr~] fn, gq, le iapHkqt dh fdlh Hkqtk dh yackbZ rFkk mlosQ fod.kZ osQ ,d
vksj osQ ml Hkkx dh yackbZ dk vuqikr] ftlls u, iapHkqt dh ,d Hkqtk ugha curh
gS] xksYMu vuqikr osQ cjkcj gksrk gSA (2)

mijksDr ifj.kkeksa (1) vkSj (2) dks la;ksftr djus ij] ;g ns[kk tk ldrk gS fd mijksDr
nksuksa le iapHkqtksa ABCDE vkSj PQRST esa]

2

AB BC 5 1
...

PQ QR 2

  +
= = =

  
  

, vFkkZr~ (xksYMu vuqikr)2

vFkkZr~ nksuksa le iapHkqtksa ABCDE vkSj PQRST dh laxr Hkqtkvksa dk vuqikr
(xksYMu vuqikr)2 osQ cjkcj gksrk gSA

ge ;g Hkh tkurs gSa fd nks le:i f=kHkqtksa osQ {ks=kiQyksa dk vuqikr mudh laxr Hkqtkvksa
osQ vuqikr osQ oxZ osQ cjkcj gksrk gSA oLrqr% ;g lHkh le:i cgqHkqtksa osQ fy, lR; gSA

lkFk gh] lHkh le cgqHkqt lnSo le:i gksrs gSaA
vr%] ;g Hkh dgk tk ldrk gS fd

    
⎛

⎝
⎜

⎞

⎠
⎟
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mijksDr iapHkqtksa ABCDE vkSj PQRST osQ {ks=kiQyksa dk vuqikr =

2 2

AB BC
...

PQ QR

    
= =

    
    

vr%] bu iapHkqtksa osQ {ks=kiQyksa dk vuqikr =  

2
22

AB 5 1

PQ 2

  
  +  

  =
    
      

  

= 

4

5 1

2

  +

  
  

= (xksYMu vuqikr)4

bl izdkj] 
4

5 1
(

2

  

  
  +

  =
  

    

  

4

mijkDs r nkus ksa le ipa Hkqtksa 

oQs  {k=s kiQyksa dk vuqikr xkYs Mu vuqi kr)  gSA

[fVIi.kh % f=kdks.kferh; vuqikrksa rFkk le iapHkqtksa ls lacaf/r mijksDr ifj.kkeksa dks] okLro esa] d{kk

XI osQ ljy f=kdks.kferh; Kku ls fl¼ fd;k tk ldrk gSA].

fu"d"kZ

xksYMu vk;r vkSj xksYMu vuqikr cgqr gh fudVre lacaf/r vo/kj.kk,¡ gSa] ftuesa vU;
xf.krh; vo/kj.kk,¡ Hkh lfEefyr gSa] tSls fd fHkUu] le:irk] f}?kkr lehdj.k] le
iapHkqt] f=kdks.kferh; vuqikr] vuqozQe bR;kfnA lsosaQMjh Lrj ij oqQN ewyHkwr tkudkjh vkSj
le> izkIr djus osQ ckn] budk vè;;u mPprj d{kkvksa esa mi;qDr LFkkuksa vkSj mi;qDr
le; ij foLr`r :i ls fd;k tk ldrk gSA

vuqiz;ksx

;g ifj;kstuk Hkouksa osQ fM”kkbu cukus] vkfoZQVSDpj vkSj lajpukRed bathfu;fjax esa mi;ksxh
jgrh gSA

                                                      

⎡

⎣

⎢

⎢

⎤⎤

⎦

⎥

⎥

    
⎛

⎝
⎜

⎞

⎠
⎟    

⎛

⎝
⎜

⎞

⎠
⎟

    
⎛

⎝
⎜

⎞

⎠
⎟

    
⎛

⎝
⎜

⎞

⎠
⎟

    
⎛

⎝
⎜

⎞

⎠
⎟

    
⎛

⎝
⎜

⎞

⎠
⎟

              

⎡

⎣

⎢

⎢

⎤

⎦

⎥

⎥



194 iz;ksx'kkyk iqfLrdk

ifj;kstuk 4 πππππ - fo'o dh vfr jgL;iw.kZ la[;k

πππππ D;k gS\

laosQr π ;wukuh o.kZekyk dk 16ok¡ v{kj gSA izkphu ;wukuh xazFkksa esa] π dk iz;ksx la[;k 80
dks fu:fir djus esa fd;k tkrk FkkA ckn esa] xf.krKksa us v{kj π dks o`Ùk ls lacaf/r ,d
vfr egRoiw.kZ eku dks fu:fir djus osQ fy, pqukA

fo'ks"k :i ls] π dks fdlh o`Ùk dh ifjf/ osQ mlosQ O;kl osQ lkFk vuqikr dks fu:fir
djus osQ fy, pquk x;kA

lkaosQfrd :i ls] π=
c

d
  gksrk gS] tgk¡ c o`Ùk dh ifjf/] rFkk d mlosQ O;kl dh yackbZ

dks fu:fir djrk gSA D;ksafd o`Ùk dk O;kl mldh f=kT;k dk nqxquk gksrk gS] blfy,
d = 2r gS] tgk¡ r o`Ùk dh f=kT;k gSA

vr%] π
2

=
c

r
 gqvkA

xf.kr esa laosQr πππππ dgk¡ ls vk;k\

lqizfl¼ xf.kr bfrgkldkj Ý+yksfj;u dktksjh (1859-1930) osQ vuqlkj] loZizFke laosQr
π dk xf.kr esa iz;ksx fofy;e vksVªsM (1575-1660) }kjk 1652 esa fd;k x;k] tc mUgksaus

o`Ùk dh ifjf/ vkSj mlosQ O;kl osQ vuqikr dks 
π

δ
 osQ :i esa fy[kk] ftlesa π us o`Ùk dh

ifjlhek dks fu:fir fd;k rFkk δ  us o`Ùk osQ O;kl dks fu:fir fd;kA

fofy;e tksUl (1675-1749) us 1706 esa] viuh iqLrd flukfIll ikeksfj;ksje eSFksfl;ksl
izdkf'kr dh] ftlesa mUgksaus π dk iz;ksx o`Ùk dh ifjf/ osQ mlosQ O;kl osQ lkFk vuqikr
dks fu:fir djus osQ fy, fd;kA ,slk fo'okl fd;k tkrk gS fd π dk bl izdkj dk iz;ksx
lcls igyh ckj gqvk] tSlk fd vktdy ;k orZeku :i esa ifjHkkf"kr ;k iz;ksx fd;k tkrk
gSA vU; O;fDr;ksa esa] fLoV”kjySaM osQ xf.krK fy;ksukMZ vkW;yj us Hkh π dk iz;ksx o`Ùk dh
ifjf/ osQ mlosQ O;kl osQ lkFk vuqikr dks fu:fir djuk izkjaHk dj fn;kA
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πππππ dk eku

,slk dgk tkrk gS fd ifg;s dh [kkst osQ ckn] laHkor% ifjf/ dks rqyuk djus dh n`f"V
ls ekik x;kA 'kk;n] izkjafHkd dky esa ;g ekiuk egRoiw.kZ gksxk fd ,d ifg;k ,d pDdj
esa fdruh nwjh r; djsxkA bl nwjh dks ekius osQ fy,] ifg;ksa dks ekih tkus okyh nwjh ij
j[kuk lqfo/ktud Fkk] ftlls irk pyrk gS fd ;g yackbZ ifg, osQ O;kl osQ rhu xqus ls
oqQN vf/d gSA

bl izdkj osQ fozQ;kdyki dh fofHkUu ifg;ksa dks ysdj iqujko`fÙk djus ij irk pyk fd
izR;sd ckj] ifjf/ O;kl osQ rhu xqus ls oqQN vf/d gSA

vko`Qfr 1 % AB = ifg;s dh ifjf/

blls Kkr gqvk fd π dk eku 3 ls oqQN vf/d gSA ckj&ckj ekius ij] ;g Hkh Kkr gqvk

fd O;kl osQ rhu xqus ls vf/d Hkkx O;kl osQ 
1

9
 Hkkx osQ vfr fudV gSA ;g dgk tkrk

gS fd ,d felzoklh vgEl }kjk yxHkx 1650 BC esa fy[ks
jhaM iSfijl esa] ;g of.kZr fd;k x;k gS fd ;fn ,d oxZ dh

Hkqtk dh yackbZ fdlh o`Ùk osQ O;kl dh yackbZ dh 
8

9
gks] rks

bl oxZ dk {ks=kiQy o`Ùk osQ {ks=kiQy osQ cjkcj gksxkA

o`Ùk dk {ks=kiQy = 

2 2

π π
2 4

  
=  

  

d d

oxZ ABCD  dk {ks=kiQy = 

2

28 64

9 81

  
=  

  
d d

vko`Qfr 2
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vr%,
2

2π 64

4 81
=

d
d  ftlls 

256
π 3.160493827160493827

81
= =

blls π dk ,d U;k;;qDr lfUudV eku izkIr gksrk gSA

vkfdZfeMh”k dk ;ksxnku

yxHkx 287 BC esa lkbjkDFkwl esa tUesa] vkfdZfeMh”k us o`Ùk osQ lanHkZ esa fuEufyf[kr dFku
fn;k] ftldh π osQ eku osQ ,sfrgkfld fodkl esa vfr egRoiw.kZ Hkwfedk jghA

1. ,d o`r osQ {ks=kiQy vkSj o`Ùk osQ O;kl osQ cjkcj Hkqtk okys oxZ osQ {ks=kiQy dk vuqikr
11:14 osQ fudV gSA

2

2

11

4 14

π
=

r

r

vko`Qfr 3

vFkkZr~,
44 22

14 7
π = =

iqu%] ;g π dk ,d izfl¼ lfUudV eku gS] ftldk iz;ksx ge vf/dka'kr% esalqjs'ku
({ks=kfefr) osQ iz'uksa dks gy djus esa djrs gSaA

2. o`Ùk dh ifjf/ mlosQ O;kl osQ 
1

3
7
 xqus ls de gksrh gS] ijarq 

10
3

71
  xqus ls vfèkd

gksrh gSA vFkkZr~ 
10

3
71

 < π < 
1

3
7
 gSA
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vkb, ns[ksa fd vkfdZfeMh”k okLro esa fdl izdkj bl fu"d"kZ ij igq¡psA mUgksaus blosQ
fy, ,d fn, gq, o`Ùk osQ varxZr le cgqHkqt (leckgq f=kHkqt] oxZ] ,d le iapHkqt]
,d le "kM~Hkqt] bR;kfn) [khaps (nsf[k, vko`Qfr 4) rFkk ,sls gh le cgqHkqt ml o`Ùk
osQ ifjxr [khapsA

nksuksa gh fLFkfr;ksa esa] cgqHkqt dk ifjeki òÙk dh ifjf/
osQ fudVre vkSj vf/d fudVre gksrk tkrk FkkA

mUgksaus bl izfozQ;k dks 12 Hkqtkvksa okys le cgqHkqt]
24 Hkqtkvksa le cgqHkqt] 48 Hkqtkvksa okys le
cgqHkqt vkSj 96 Hkqtkvksa okys lecgqHkqt ysdj
nksgjk;kA mUgsa izR;sd ckj] cgqHkqtksa osQ ifjeki o`Ùk
dh ifjf/ osQ fudVre vkSj vf/d fudVre vkrs
tkrs FksA var esa] vkfdZfeMh”k us fu"d"kZ fudkyk fd

π dk eku 
10

3
71

  ls vf/d vkSj 
1

3
7
 ls de gksrk

gSA

ge tkurs gSa fd

10
3 3.14084507042253521126760563380281690

71
=

vkSj 
1

3 3.142857
7

=

bl izdkj] vkfdZfeMh”k us π dk og eku fn;k tks ml eku osQ laxr gS] ftlls ge
vktdy ifjfpr gSa vkSj iz;ksx djrs gSaA

phu dk ;ksxnku
fy;q gqbZ us Hkh 263 esa] o`Ùk dk lfUudV djus osQ fy,] Hkqtkvksa dh la[;k esa o`f¼ djrs
gq,] le cgqHkqtksa dk iz;ksx fd;kA mUgksaus osQoy varxZr o`Ùkksa dk iz;ksx fd;k] tcfd
vkfdZfeMh”k us varxZr vkSj ifjxr nksuksa izdkj osQ o`Ùkksa dk iz;ksx fd;kA fy;q }kjk π dk
fn;k gqvk lfUudV eku Fkk%

vko`Qfr 4
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3927
3.1416

1250
=

tq pksaxth (429-500)] tks ,d phuh [kxksy'kkL=kh vkSj xf.krK Fks] us Kkr fd;k fd

355
π=

113
= 3 . 141592920353982300884

955752212389380530973

451327433628318584070796

460176991150442477876106

1946902654867256637168

vU; O;fDr;ksa dk ;ksxnku

1. tkWu okWfyl (1616-1703)] tks osQfEczt vkSj vkWDliQksMZ fo'ofo|ky;ksa esa xf.kr osQ
izksisQlj Fks mUgksaus π osQ fy, fuEufyf[kr lw=k fn;k&

( )( )
2 2 4 4 6 6 2 2

... ...
2 1 3 3 5 5 7 2 –1 2 1

π × × × ×
= × × × × ×

× × × +

n n

n n

2. czkmadj (1620-1684) us 
4

π
 dk fuEufyf[kr eku izkIr fd;k%

4

π
 = 

2

2

2

2

1
1

3
2

5
2

7
2

9
2

2 ...

+
+

+
+

+
+

3. vk;ZHkV (499) us π dk eku 
62832

20,000
 = 3.14156 fn;kA

4. czãxqIr (640) us π dk eku 10  = 3.162277 fn;kA
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5. vy[okfjteh (800) us π dk eku 3.1416 fn;kA

6. cschyksuokfl;ksa us π dk eku 
1

3 3.125
8

+ =  osQ :i esa iz;ksx fd;kA

7. VksD;ks fo'ofo|ky; esa] ;klqeklk duM vkSj mldh Vhe us π dk eku 1.24  fVªfy;u
n'keyo LFkkuksa rd ifjdfyr fd;kA

8. izQk¡lhlh xf.krK izsaQdksbl ohVs (1540-1603) us π dk eku ukS n'keyo LFkkuksa rd
ifjdfyr fd;kA mUgksaus ifjdfyr fd;k fd π dk eku 3.1415926535 vkSj
3.1415926537 la[;kvksa osQ chp fLFkr gSA

9. ,l- jkekuqtu (1887-1920) us π dk eku 
2

24
19

9
22

+ = 3.141592652 ... osQ

:i esa ifjdfyr fd;k] tks vkB n'keyo LFkkuksa rd lgh gSA

10. fy;ksukMZ vkW;yj us π osQ eku osQ fy, ,d jkspd O;atd fn;k tks uhps fn;k x;k
gS %

2 1 1 1 1 1
1– 1– 1– 1– 1– ...,

4 16 36 64 100π

          
=           

          

,d πππππ fojks/kHkkl (paradox)

mijksDr vko`Qfr esa] O;kl AB okys v/Zo`Ùk dk ifjeki = (AB)
2

π
 gSA

vko`Qfr 5
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NksVs v/Zo`Ùkksa osQ ifjekiksa dk ;ksx

2 2 2 2 2 2

π π π π π π
= + + + + =

a b c d e
(a+b+c+d+e)

;g lR; izrhr ugha gksrk gS] ijarq ;g lR; gh gS!

vkb, vc fuEufyf[kr izdkj ls vkxs c<+sa& fuf'pr js[kk[kaM AB osQ vuqfn'k NksVs
vèkZo`Ùkksa dh la[;k esa o`f¼ djrs tkb,A eku yhft, AB dh yackbZ 2 bdkbZ gSA

vko`Qfr 6 vko`Qfr 7

vko`Qfr 8 vko`Qfr 9

mijksDr vko`Qfr;ksa esa] NksVs v/Zo`Ùkksa osQ ifjekiksa dh yackb;ksa dk ;ksx O;kl AB dh
yackbZ dh vksj vxzlj gksrk gqvk izrhr gks jgk gS] ijarq okLro esa ,slk ugha gS] D;ksafd

NksVs v/Zo`Ùkksa osQ ifjekiksa dh yackb;ksa dk ;ksx 
2

2

π ×
 = π bdkbZ gS] tcfd AB dh

yackbZ 2 bdkbZ gSA blfy, ;s nksuksa cjkcj ugha gks ldrsA
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fu"d"kZ
π dks vHkwriwoZ xq.kksa okyh ,d la[;k osQ :i esa ns[kk tk ldrk gSA blosQ okLrfod thou
esa fofHkUu izdkj osQ vuqiz;ksx gSaA

vuqiz;ksx

π osQ eku dk iz;ksx o`Ùk ls lacaf/r fM”kkbuksa rFkk o`Ùk osQ f=kT;[kaMksa osQ {ks=kiQyksa vkSj
ifjekiksa dks Kkr djus esa iz;ksx fd;k tkrk gSA bldk iz;ksx nkSM+iFkksa (racetracks) dh
jpuk djus rFkk bathfu;fjax la;a=kksa ;k midj.kksa dks cukus esa fd;k tkrk gSA
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ifj;kstukvksa dh lwph
1- ,d f=kHkqt osQ {ks=kiQy osQ fy,] ghjksu dk lw=k fodflr djukA

2- π dh dgkuhA

3- la[;k i¼fr;ksa dk mudh vko';drkuqlkj fodklA

4- Hkkjrh; xf.krKksa dk muosQ ;ksxnkuksa osQ lkFk dkyozQeA

5- ,d f}?kkr lehdj.k osQ gy dk dkyozQfed fodklA

6- ,d pozQh; prqHkqZt osQ {ks=kiQy osQ lw=k dk fodklA

7- ikbFkkxksjl izes; & orZeku iqLrd esa nh xbZ miifÙk ls fHkUu miifÙk;k¡A

8- ikbFkkxksjl izes; osQ foLrkjA

9- fn, gq, ifjeki osQ vk;rksa esa ls vf/dre {ks=kiQy okyk vk;r Kkr djuk rFkk fn, gq,
{ks=kiQy okys vk;rksa esa ls U;wure ifjeki dk vk;r Kkr djukA

10- i`"Bh; {ks=kiQyksa vkSj vk;ruksa osQ lkis{k Bksl vko`Qfr;ksa dk Kku vkSj oxhZdj.kA

11- fdlh cgqHkqt osQ ,d gh ozQe esa fy, x, cfg"dks.kksa dk ;ksxA

12- ikbFkkxksfj;u f=kdksa (Triplets) dks tfur djukA

13- eSftd oxZA

14- fn, gq, i`"Bh; {ks=kiQy okys ?kukHkksa esa ls vf/dre vk;ru okyk ?kukHk Kkr djuk rFkk fn,
gq, vk;ru okys ?kukHkksa esa ls U;wure i`"Bh; {ks=kiQy okyk ?kukHk Kkr djukA

15- xf.krh; fM”kkbu vkSj iSVuZA

16- Hkkjrh; xf.krK rFkk muosQ ;ksxnkuA

17- xf.kr ij m¼j.kksa dh lwph cukukA

18- jkekuqtu la[;k (1729)A

19- xf.krh; ozQkWloMZA

20- nSfud thou esa T;kfefr osQ vuqiz;ksxA

21- chtxf.kr osQ nSfud thou esa vuqiz;ksxA

22- {ks=kfefr osQ nSfud thou esa vuqiz;ksxA
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ewY;kadu dh ;kstuk
lsosaQMjh Lrj ij xf.kr esa ewY;kadu osQ fuEufyf[kr Hkkj fufnZ"V fd, x, gSa&

lS¼kafrd ijh{kk : 80 vad
vkarfjd ewY;kadu : 20 vad

l. LowQyh ijh{kk ij vk/kfjr 20 vadksa osQ vkarfjd ewY;kadu dk caVu fuEufyf[kr gS&
o"kZ osQ var rd osQ fozQ;kdykiksa dk ewY;kadu : 12 vad
ifj;kstuk dk;Z dk ewY;kadu :   5 vad
ekSf[kd ewY;kadu (;k okbok&oksl) :   3 vad

• fozQ;kdyki dk;Z dk ewY;kadu
(a) izR;sd fo|kFkhZ dks fufnZ"V le; esa djus osQ fy, nks fozQ;kdyki fn, tk,¡xsA
(b) ewY;kadu nks xf.kr f'k{kdksa dh ,d ,slh Vhe }kjk fd;k tkuk pkfg, ftlesa og f'k{kd Hkh

lfEefyr gks tks d{kkvksa esa iz;ksx djkrk gSA
(c) ,d vosQys fozQ;kdyki osQ fy,] 12 vadksa osQ ewY;kadu dk caVu bl izdkj gks ldrk gS&

• fozQ;kdyki osQ mís'; dk dFku : 1 vad
• vko';d lkexzh : 1 vad
• fozQ;kdyki dh rS;kjh djuk : 3 vad
• fozQ;kdyki dks djuk : 3 vad
• izs{k.k vkSj fo'ys"k.k : 3 vad
• ifj.kke vkSj fu"d"kZ : 1 vad

                                            ;ksx : 12 vad
(d) igys nksuksa fozQ;kdykiksa osQ vadksa dks tksfM+, vkSj fiQj budks 12 vadksa osQ vk/kj ij

ifjdfyr dhft,A
(e) izR;sd fo|kFkhZ }kjk fozQ;kdykiksa dk laiw.kZ fjdkWMZ j[kuk pkfg,A

• ifj;kstuk dk;Z dk ewY;kadu
(a) izR;sd fo|kFkhZ ls d{kk esa i<+kbZ xbZ vo/kj.kkvksa ij vk/kfjr U;wure ,d ifj;kstuk dk;Z

djus dks dgk tk,xkA
(b) ifj;kstuk dk;Z ,d O;fDr (;k nks ;k rhu fo|kfFkZ;ksa osQ ,d lewg) }kjk fd;k tk ldrk gSA
(c) ifj;kstuk dk;Z osQ fy, 5 vadksa osQ Hkkj bl izdkj gks ldrs gSa&

• ifj;kstuk dh igpku vkSj dFku : 1 vad
• ifj;kstuk dk dk;ZozQe ;k ;kstuk : 1 vad
• viukbZ xbZ fof/ : 1 vad
• ,df=kr vk¡dM+ksa ls izs{k.k : 1 vad
• ifj.kke ls fu"d"kZ vkSj vuqiz;ksx : 1 vad

20 esa ls oqQy vad % o"kZ osQ var rd osQ fozQ;kdykiksa osQ ewY;kadu ls izkIr vadksa vkSj ifj;kstuk dk;Z
osQ vadksa dks tksM+dj buesa ekSf[kd ewY;kadu osQ vad tksM+us pkfg,] ftlls 20 esa ls oqQy vad izkIr gksaxsA

fVIi.kh : ,d 'kSf{kd o"kZ esa izR;sd fo|kFkhZ ls de ls de 20 fØ;kdyki djok, tkus pkfg,A
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